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Euler , – . – ,
$S= \sum_{n=0}^{\infty}(-1)^{n}f(n)=\sum_{n=0}^{\infty}e^{\dot{f}\pi n}f(n)$ (1.1)
, Fourier
$I= \int_{0}^{\infty}e^{i\pi x}f(x)dx$ (1.2)
1 . , Euler Fourier
. , Fourier –
Euler . Euler , ,
Fourier . ,
Euler .
, Euler Fourier . , Fourier
, ,






. , Euler ,
$S_{\mathrm{E}\mathrm{u}\mathrm{l}\mathrm{e}\mathrm{r}}= \frac{1}{2}\sum_{n=0}^{\infty}(-\frac{1}{2}\Delta)na_{0}$ , $(\Delta a_{n}\equiv a_{n+1}-a_{n})$ (2.2)
. , Euler $N$ , [3].
$S_{\mathrm{E}\mathfrak{U}1\mathrm{e}\mathrm{f}}^{()}N$
$=$ $\frac{1}{2}\sum_{n=0}^{N-1}(-\frac{1}{2}\Delta)na0$
$=$ $m= \sum_{0}^{N-1}w_{m})(N(-1)^{m}a_{m}$ (2.3)






, $Narrow\infty$ $w_{m}^{(N)}$ . $w_{m}^{(N)}$ ,
,
$w_{m}^{(N)}$ $\int_{m+1}^{\infty}\frac{1}{\sqrt{2\pi N/4}}e^{-}(x-N/2)2/(2\cdot N/4)_{dx}$ , $Narrow\infty$
$\frac{1}{\sqrt{\pi}}\int_{m/\sqrt{N/2}-\sqrt{N/2}}^{\infty}e^{-t^{2}}dt$ (2.5)
. $Narrow\infty$ $w_{m}^{(N)}$ .
$w_{m}^{(N)} \sim\frac{1}{2}\mathrm{e}\mathrm{r}\mathrm{f}\mathrm{c}(m/\sqrt{N/2}-\sqrt{N/2})$ , $Narrow\infty$ (2.6)
erfc $(X) \equiv\frac{2}{\sqrt{\pi}}\int_{x}^{\infty}e-t^{2}dt$
, $p,$ $q$ $N$ ,
$w(x;p, q)^{\underline{\mathrm{c}}}. \frac{1}{2}\mathrm{e}\mathrm{r}\mathrm{f}\mathrm{c}(x/p-q)$ (2.7)
.
$\backslash$
$1$ : $w_{m}^{(N)}$ $w(x;p, q)$ $(N=16, p=q=(N/2)^{1/2})$
, Euler $w_{m}^{(N)}$ , $w(X;p,$ $q\mathrm{I}$ ,
. ,
$S^{(N)}= \sum_{n=0}^{N-1}(-1)^{n}f(n)$ (2.8)
$S_{w}^{(N)}= \sum_{=n0}^{N-1}w(n;p, q)(-1)nf(n)$ (2.9)
.
46
1 $w(x;P, q)= \frac{1}{2}\mathrm{e}\mathrm{r}\mathrm{f}\mathrm{C}(x/p-q)$ ( $p,$ $q$ ) , $f(z)$ $|\arg(z+1/2)|\leq\delta(\delta$
$\delta<\pi/2$ ) , $|f(z)|\leq M$
$\lim\max|f(R-1/2+iR\tan\theta)|=0$
$Rarrow\infty|\theta|\leq\delta$
. , $\alpha\leq\tan\delta,$ $0<\alpha<1$ ,
$|S^{(\infty)}-S_{w}^{(\infty)}|< \frac{M\sqrt{1+\alpha^{2}}}{1-e^{-\pi\alpha/2}}(\frac{\sqrt{\pi}p}{\sqrt{1-\alpha^{2}}}e^{(p/2)/}q’-\pi\alpha 2(1-\alpha^{2})+\frac{2}{\pi\alpha}e^{()q)}q’-\pi\alpha_{\mathrm{P}}\prime e^{-q^{!2}}$ (2.10)
. , $q’.=q+1/(2p)$ .
$S^{(N)}-S_{w}^{(N)}$ ,
$S^{(N)}-S_{w}^{(N)}= \frac{1}{2\pi i}\int_{C}\frac{\pi}{\sin\pi z}(1-w(z;p, q))f(z)d_{Z}$ (2.11)
. , $C$ $\backslash \backslash 2$ .
2: $C$
,
$|S^{(N)}-S_{w}^{(N)}| \leq\frac{1}{2\pi}\int_{C}|\frac{\pi}{\sin\pi z}|\cdot|1-w(Z;p, q)|\cdot|f(z)|-|dz|$ (2.12)
, .
, . ,




$1+ \frac{1}{\sqrt{\pi}}\int_{0}^{\infty}|e^{-t^{2}-z^{2}}|dt=1+\frac{1}{2}|e^{-z^{2}}|$ , ${\rm Re} z\geq 0$









$arrow 0$ , $Narrow\infty$ (2.15)
, (2.12) $c_{+}$ $(z=t-1/2+i\alpha t)$ . $|\pi/\sin\pi z|$ ,
$| \frac{\pi}{\sin\pi z}|$ $=$ $\frac{2\pi}{|1-e^{2\pi iz}|}|e^{\pi iz}|$
$\leq$ $\frac{2\pi}{1+e^{-2}\pi\alpha t\cos 2\pi t}e^{-\pi\alpha t}$
$<$ $\frac{2\pi}{1-e^{-\pi\alpha}/2}e^{-\pi\alpha t}$ (2.16)
, $|1-w(Z;P, q)|$ ,
$|1-w(z;p, q)|$ $=$ $|1- \frac{1}{2}\mathrm{e}\mathrm{r}\mathrm{f}\mathrm{C}((t-1/2)/p-q+i\alpha t/p)|$
$\leq$ $\{$
$1+ \frac{1}{2}e^{-(/p-}tq)^{2}’+(\alpha t/p)^{2}$ , $t\geq pq’$
$\frac{1}{2}e^{-(t/p-}q’)^{2}+(\alpha t/p)^{2}$ , $t<pq’$
(2.17)




$< \frac{M\sqrt{1+\alpha^{2}}}{1-e^{-\pi\alpha}/2}(\frac{\sqrt{\pi}p}{2\sqrt{1-\alpha^{2}}}e^{(q’-\pi\alpha/}p2)2/(1-\alpha^{2})+\frac{1}{\pi\alpha}e^{(q’p)}-\pi\alpha q’\mathrm{I}e^{-q^{l2}}$ (2.18)
(2.12) $C_{-}$ $c_{+}$ . ,
$|S^{(\infty)}-S_{w}^{(\infty)}|$ $=$ $\lim_{Narrow\infty}|s^{(N})-S_{w}^{(N)}|$
$<$ $\frac{M\sqrt{1+\alpha^{2}}}{1-e^{-\pi\alpha}/2}(\frac{\sqrt{\pi}p}{\sqrt{1-\alpha^{2}}}e^{(q’\alpha p}-\pi/2)^{2}/(1-\alpha^{2})+\frac{2}{\pi\alpha}e^{(q^{l}}-\pi\alpha p)q’\mathrm{I}e^{-q^{\prime 2}}(2.19)$
[ ]




$|S^{(\infty)}-S_{w}^{(\infty)}|< \frac{\Lambda I\sqrt{1+\alpha^{2}}}{1-e^{-\pi\alpha/2}}(\frac{\sqrt{\pi}p}{\sqrt{1-\alpha^{2}}}+\frac{2}{\pi\alpha})e^{-q^{2}}$ (2.21)
. , (2.20) $\alpha$ $q$ , $S_{w}^{(\infty)}$
. .
, $S_{w}^{(\infty)}$ $N$ $S_{w}^{(N)}$ . $w(n;p, q)$ $n$
$w(n;P, q) \leq\frac{1}{2}\exp(-(n/p-q)^{2})$ ,
, $N$ ,
$N=\lfloor 2pq+$ $= \lfloor\frac{4}{\pi\alpha}q^{\prime^{2}}\rfloor$ (2.22)
.
1( )
(2.20) , (2.22) $S_{w}^{(N)}$ ,
$|S^{(\infty)}-S_{w}^{(N)}|$ $\leq$ $|S^{(\infty)}-S_{w}^{(\infty)}|+ \sum_{=nN}^{\infty}|w(n;p, q)(-1)nf(n)|$
$\leq$ $|S^{(\infty)}-^{s}(w| \infty)+\frac{M}{2}\sum_{n=N}\exp(-(n/p-q)^{2})\infty$
$=$ $o(\alpha^{-2}(1-\alpha)-1/2q^{2}qe^{-})$
$=$ $O(\alpha^{-3/2}(1-\alpha)^{-}1/2\sqrt{N}e-\pi\alpha N/4)$ , $Narrow\infty$ (2.23)
.
, 1 , Euler
$S_{w}^{(N)}$ , $N$ .
, ,









$p,$ $q$ , 1 $N=2pq,$ $q=\pi p/2$ .




$I= \int_{0}^{\infty}f(x)e^{i}\omega x_{dx}$ (3.1)
( $\omega>0$ ) Euler
$I_{w}^{(L)}= \int_{0}^{L}w(x;p, q)f(X)ei\omega x_{d}X$ (3.2)
. , $w(x;p, q)$ ,
$\int_{-\infty}^{\infty}\phi(t)dt=1$ , $\lim_{tarrow\pm\infty}\phi(t)=0$ (3.3)
$\phi(t)$
$w(x;p, q)= \int_{x/p-q}^{\infty}\phi(t)dt$ (3.4)
– , $p,$ $q$ $L$ $\omega$ .
, $f(x)$ , Euler $I_{u}^{(L)}$, , $L$
$I$ . ,
$\phi(t)$ , Euler .
2 $w(x;p, q)= \frac{1}{2}\mathrm{e}\mathrm{r}\mathrm{f}\mathrm{c}(x/P-q)$ ( $p,$ $q$ ) , $f(z)$ , $E(z;\omega)$ $0\leq$
$\arg(z-r)\leq\delta$ ( $\omega,$ $\delta$ $\delta<\pi/2$ ) ,
$|f(Z)|\leq M_{1},$ $|E(_{Z;}\omega)|\leq M_{2}|e^{i\omega z}|$
$\lim_{Rarrow\infty 0\leq}\max\theta\leq\delta|f(R+r+iR\tan\theta)|=0$
, $\alpha\leq\tan\delta,$ $0<\alpha<1$ ,
$| \int_{r}^{\infty}f(x)E(x;\omega)dx-\int_{r}^{\infty}w(x;p, q)f(X)E(X;\omega)dx|$
$\leq M_{1}M_{2}\sqrt{1+\alpha^{2}}(\frac{\sqrt{\pi}p}{2\sqrt{1-\alpha^{2}}}e^{(q’}-\omega\alpha p/2)2/(1-\alpha^{2})+\frac{1}{\omega\alpha}e(q-;\omega\alpha p)q)\prime e^{-q^{;2}}$ (3.5)
. , $q’=q-r/p$ .
$\triangle I_{w}^{(R)}$ $=$ $\int_{r}^{r+R}f(_{X})E(x;\omega)dx-\int_{r}^{r+R}w(X;p, q)f(_{X})E(_{X};\omega \mathrm{I}dX$
$=$ $\int_{r}^{r+R}(1-w(X;p, q))f(x)E(x;\omega)d_{X}$ (3.6)





$|\triangle I_{w}^{\{)}R|$ $=$ $| \int_{c_{+}+C_{R}}(1-w(z;p, q))f(z)E(z;\omega)dz|$
$\leq$ $\int_{c_{+}+C}R||1-w(z;p, q)|\cdot f(z)|\cdot|E(z;\omega)|\cdot|dz|$ (3.7)
, 1 , . [
]








$I_{w}= \int_{0}^{\infty}w(x_{}.p, q)f(x)e^{i\omega x}d_{X}$ (3.8)




. , $w(x;p, q)$ ,
, $I$ $I_{w}$
.















$=$ $O((\omega\alpha)^{-}1/2(1-\alpha)-1/2\sqrt{L}e-\omega\alpha L/4)$ , $Larrow\infty$ (3.13)
.
$p,$ $q$ , $e^{-q^{2}}$ $q$ , $P$
. , $P$ $\alpha$ $\omega$ , $L$
.





. , Fourier – Euler .
, $f(x)$ Fourier
$F( \omega)=\frac{1}{2\pi}\int_{-\infty}^{\infty}f(x)e-i\omega x_{dx}$ (4.1)
,
$\hat{w}(x;p, q)=\int_{x/q}^{x/+}p-)\phi(tdpqt$ (4.2)
$F_{\hat{w}}( \omega)=\frac{1}{2\pi}\int_{-\infty}^{\infty}\hat{w}(x;p, q)f(x)e^{-\iota\omega x_{dX}}$ (4.3)
. , $\phi(t)$ , (3.3) .
, (4.3)
$F_{\hat{w}}( \omega)=\int_{-\infty}^{\infty}\hat{W}(\omega-\omega)F/(\omega’)d\omega’$ (4.4)
. , $\hat{W}(\omega)$ $\hat{w}(x;p, q)$ Fourier ,






. sinc . , $F(\omega),$ $\Phi(\omega)$ , sinc
$q$ $O(\exp(-c_{q}))$ .
, $O(|x|^{-m})$ Fourier , $\omega$ $m-1$
, $f(z),$ $f(-z)$ $z$ 2 , $F(\omega)$ ${\rm Re}\omega=\pm 0$
, sinc . (4.7)
$F(\omega)$ $\Phi(\omega)$ .
3 $F(\zeta),$ $F(-\zeta),$ $\Phi(p(\omega-\zeta)),$ $\Phi(p(.\omega+\zeta))$ $|\arg(\zeta)|<\gamma,$ ($\gamma>0,$ $\omega\neq 0$ )
$\lim_{Rarrow\pm\infty}\int_{-\gamma}^{\gamma}|F(Re^{i\theta})\Phi(p(\omega-Re^{i}\theta))|\exp(-pq|{\rm Im} Re^{i\theta}|)d\theta=0$
$\lim_{\epsilonarrow\pm 0}\int_{-\gamma}^{\gamma}|F(\epsilon e^{i})\theta\Phi(p(\omega-\epsilon ei\theta))|\epsilon d\theta=0$
, $0<\theta<\gamma$ ,
$|F( \omega)-F_{\hat{w}}(\omega)|\leq\int_{c_{\theta}+C_{\theta-}}|+F(\zeta)|\frac{\exp(-pq|{\rm Im}\zeta|)}{|\omega-\zeta|}|\Phi(p(\omega-\zeta))|\cdot|d\zeta|$ (4.8)
. , $C_{\theta+}$ , $C_{\theta-}$ $\backslash 4$ .
${\rm Re}\zeta$
4: $C_{\theta+}$ , $C_{\theta-}$
$\text{ }$,
$\sin(p\pi\omega q\omega)$ $=$ $\frac{\exp(+ipq\omega)-1}{2\pi i\omega}-\frac{\exp(-ipq\omega)-1}{2\pi i\omega}$
$=$ $\frac{\exp(+ipq(\omega+i\mathrm{o}))-1}{2\pi i(\omega+i\mathrm{o})}-\frac{\exp(-ipq(\omega-i0))-1}{2\pi i(\omega-i\mathrm{o})}$
$=$ $\frac{\exp(+ipq(\omega+i0))}{2\pi i(\omega+i\mathrm{o})}-\frac{\exp(-ipq(\omega-i\mathrm{o}))}{2\pi i(\omega-i\mathrm{o})}+\delta(\omega)$ (4.9)
53
(4.7) , $C_{\theta+}$ , $C_{\theta-}$ . [ ]
3 , $|\omega’|$ $|\Phi(\omega’)|$
, $parrow\infty$ $|\Phi(p(\omega-\zeta))|$ .
. , $\phi(t)$ . $-$ , $\exp(-pq|{\rm Im}\zeta|)$ sinc
, $p,$ $q$ .
. Euler , $F_{\hat{w}}(\omega)$ $L\pm$ ,
. , $f(\pm z),\hat{w}(\pm z;p, q)$ 2 , $\phi(t)$
$t’$ \mbox{\boldmath $\phi$}(\pm t)
’
,
1. $|\omega’|$ $|\Phi(\omega’)|$ \mbox{\boldmath $\delta$}‘‘ .
2. $t’$ \infty , \mbox{\boldmath $\phi$}(\pm t) .
, Euler .
– , $I_{0^{-}}\sinh$ ,.
$\Phi(\omega)$ $=$ $\frac{I_{0}(\beta\sqrt{1-\omega^{2}})}{2\pi I_{0}(\beta)}$ , $|\omega|\leq 1$ (4.10)
$\Phi(\omega)$ $=$ $0$ , $|\omega|>1$ (4.11)
[2]. , .
$w(x;p, q)= \frac{1}{\pi I_{0}(\beta)}\int_{x/p-q}\infty\frac{\sinh\sqrt{\beta^{2}-t^{2}}}{\sqrt{\beta^{2}-t^{2}}}dt$ (4.12)
. . ,





$I_{1}= \int_{0}^{\infty}\frac{\cos x}{\sqrt{1+x^{2}}}dx=K_{0(1})$ (5.1)
Euler , Legendre-Gauss
1 . , .
, (5.1) ,
$I_{1}= \sum_{j=0}^{\infty}I_{1}(j)$ , $I_{1}(j)= \int_{\pi j}\pi(j+1)\frac{\cos x}{\sqrt{1+x^{2}}}dx$ (5.2)
, $I_{1}$ ( ,
$I_{1}$ [5].
,
1. Euler : Euler $(\phi(t)=\pi-1/2e^{-}t^{2} q=p/2=4, L=2pq)+60$ Gauss
54






$I_{2}= \int_{0}^{\infty}\frac{\sin x}{1+x^{2}}d_{X}=0.646761122779\cdots$ (5.3)
, 2 . Euler $\phi(t)=$




3. Clenshaw-Curtis (Chebyshev )
.
2: $I_{1},$ $I_{2}$ Euler
, Clenshaw-Curtis Legendre-Gauss
. – , 2 . , 2




$I_{3}$ $=$ $\int_{0}^{\infty}\frac{xJ_{0}(x)}{1+x^{2}}d_{X}=K0(1)$ (5.4)
$I_{4}$ $=$ $\int_{0}^{\infty}\frac{J_{0}(x)}{\sqrt{1+x^{2}}}dx=I\mathrm{o}(1/2)K0(1/2)$ (5.5)
) Fourier Euler $(\phi(t)=\pi-1/2e-2q=tP/2=4, L=2pq)$
,
1. Legendre-Gauss $\mathrm{H}^{1}\mathrm{J}$
$2$ . Clenshaw-Curtis $\ovalbox{\tt\small REJECT} \mathrm{I}\rfloor$
55
3 .
, Bessel , Euler
.
, Euler . $I_{1},$ $I_{2}$ ,
1. Euler 1( )
$w(_{X;p,q})= \frac{1}{2}\mathrm{e}\mathrm{r}\mathrm{f}\mathrm{c}(X/p-q)$ (5.6)
$q=p/2=4$
2. Euler 2( $I_{0}-\sinh$ )
$w(x;p, q)= \frac{1}{\pi I_{0}(\beta)}\int_{x/pq}^{\infty}-\frac{\sinh\sqrt{\beta^{2}-t^{2}}}{\sqrt{\beta^{2}-t^{2}}}dt$ (5.7)
$p=1/\omega=1,$ $\beta=q=20$
, Legendre-Gauss 4 .
, $I_{0^{-}}\sinh$ Euler , ,
2/3 .
6 Fourier
$f(x)$ Fourier ( $\omega$ )
$F( \omega)=\frac{1}{2\pi}\int_{-\infty}^{\infty}f(x)e^{-i}d\omega xX$ (6.1)
. , $f(x)$ $|x|arrow\infty$ . ,
, Euler ,
$F_{w}^{(L)}( \omega)=\frac{1}{2\pi}\int_{-L_{-}^{+}}^{L}w(|x|;p, q)f(X)e-i\omega xdX$ (6.2)
56
. , $F_{w}^{(L)}(\omega)$ $h$ ,
$F_{w}^{(N,h)}( \omega)=\frac{h}{2\pi}\sum_{n=-N-}^{N}w(|nh|;p, q)f+(nh)e-i\omega nh$ (6.3)
$(N\pm=\mathrm{L}^{L}\pm/h\rfloor)$ . Euler $p,$ $q$
$L\pm$ $\omega$ . , $p,$ $q$
$L_{+}=N/2-1,$ $L_{-}=N/2$ , $\omega=2\pi k/(Nh)$ .
$F_{w}^{(N,h)}( \frac{2\pi}{Nh}k)=\frac{h}{2\pi}\sum_{n=-N/2}^{N/1}w(|nh|;2-\rangle p, qf(nh)e^{-}2\pi ink/N$ (6.4)
FFT .
, $w(x;p, q)= \frac{1}{2}\mathrm{e}\mathrm{r}\mathrm{f}\mathrm{c}(X/p-q)$ (6.4)
$\backslash 5$ , 6 . Fourier ,
$f_{1}(x)$ $=$ $\frac{1}{\sqrt{1+x^{2}}}$ , $(F_{1}( \omega)--\frac{1}{\pi}K_{0}(|\omega|))$
$f_{2}(_{X)} = \frac{x^{3}}{4+x^{4}}, (F_{2}(\omega)=i\frac{\mathrm{s}\mathrm{g}\mathrm{n}\omega}{2}e^{-1}\omega|\cos\omega)$
.
(a) $f(x)=f_{1}(_{X)}$ (b) $f(x)=f_{2}(_{X)}$
$\backslash 5$ :Fourier : $F_{w}^{(N,h)}( \frac{2\pi}{Nh}k),$ $N=512,$ $h=0.125$
, $N=512,$ $h=0.125$ , 53 ( 16 )
. Euler $10^{-12}$ , $p,$ $q$ $\exp(-q^{2})=10^{-12}$ ,
$L=Nh/2=2pq$ . , $w(x;P, q)$
$\backslash 6$ .
$k$ , $\omega=\frac{2\pi}{Nh}k$ . , $|\omega|$ $\omega_{\max=}$
$\frac{2\pi}{Nh}\frac{N}{2}=8\pi$ . , $|\omega|$ , – , $|\omega|$
, $|\omega|=8\pi$ .
, 2 Euler $|\omega|$ $\omega=2q/p=3.45$




$w(x;p, q)= \frac{1}{\pi I_{0}(\beta)}\int_{x/-q}^{\infty}\mathrm{P}\frac{\sinh\sqrt{\beta^{2}-t^{2}}}{\sqrt{\beta^{2}-t^{2}}}dt$ (6.5)
57
(a) $f(x)=f_{1}(x)$ (b) $f(x)=f_{2}(_{X)}$
’ 6: Fourier : $F_{w}^{(N,h}$ $( \frac{2\pi}{Nh}k),$ $N=512,$ $h=0.125$
(6.4) )$\backslash 7$ .
(a) $f(x)=fi(x)$ (b) $f(x)=f_{2}(x)$
” 7: Fourier - $I_{0}-\sinh$ : $F_{w}^{(N,h)}( \frac{2\pi}{Nh}k),$ $N=512,$ $h=0.125$
, $N=512,$ $h=0.125$ , Euler $10^{-15}$
, $p,$ $q,$ $\beta$ $\beta=q=-\log(10-15),$ $L=Nh/2=2pq$ . ,
$w(x;P, q)$ 7 .
$\backslash \backslash$ , $|k|<21$ . $\omega=1/p--2.16$
$(k=22.0)$ , – .






\rangle Fourier – Euler ,
. Euler ,
Fourier ,
. , Fourier , FFT
. , Euler , Bessel
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